Abstract. We prove an interpolation theorem for Hilbert spaces of analytic functions that have the Nevanlinna-Pick property. This result applies to Dirichlet and Dirichlet-type spaces, and in particular a short proof of the theorem by Marshall-Sundberg on interpolating sequences is obtained.
Introduction
We consider Hilbert spaces of analytic functions in the unit disk with inner product
where f (z) = n a n z n , g(z) = n b n z n . The reproducing kernels k w (z) satisfying
are given by k w (z) = k(wz), where
We will assume that k satisfies
with d n ≥ 0 and k(r) > 0 for r > 0. This holds e.g. for Dirichlet and Dirichlet-type spaces ( [6, p. 22 
]).
A Hilbert space H has the Nevanlinna-Pick property when the matrix
being positive semi-definite is necessary and sufficient for the existence of φ in the multiplier algebra Lemma 10] it is proved that (1) implies the Nevanlinna-Pick property. We define {z n } to be interpolating for H when
and to be interpolating for M H when
For spaces with the Nevanlinna-Pick property, these three conditions are satisfied by the same sequences ( [6, Corollary 7] , [2, Theorem 9.19]). Our main result is a characterisation of these sequences under an extra assumption. To state this, we say {z n } is separated when
for n = m, σ < 1. We also make the further technical assumption that for any sequence {z n }, boundedness on l 2 of the Gram matrix
implies boundedness of the matrix
Under these assumptions we have the following: 
are bounded operators on l 2 . Here {f n } are biorthogonal functionals defined as minimal norm solutions of 
To prove Γ is bounded on l 2 we write
Reproducing kernels for H A∪a are determined by those for H A by the relation
and
We get from (4)
are related by c MH = c H k zj , and the unique extremals satisfy
This follows from the Nevanlinna-Pick property [6, Proposition 6] . In [6, Proposition 23] and [9] it is proved that
By the Carleson condition applied to kz j kz j and separation we get c MH ≤ C, with C independent of A and z j . From this it follows that (5) we get the estimate
Since Γ is bounded we get from the assumption on the Gram matrix that Γ is also bounded, which finishes the proof. We remark that this proof works for any Hilbert space with a complete Nevanlinna-Pick kernel. This follows from the characterisation of such kernels in [1, Theorem 1.2].
We now prove that Theorem 1.1 applies to the Dirichlet space. The reproducing kernels are
Assuming that the {a n } are positive, we need to bound
One checks that
The second term is by assumption bounded by a n 2 l2 . For the first term it follows from the Carleson measure condition that
Similarly, Theorem 1.1 applies to the Dirichlet-type spaces D α that lie between the Hardy and Dirichlet spaces. For these, the reproducing kernels are
From this the conclusion follows easily.
Thus one gets a short proof of the theorem from [6] and [3] on interpolating sequences. We mention also [4] , which gives a constructive proof that does not use the Nevanlinna-Pick property and applies to spaces defined with L p -norms. For characterisations of Carleson measures for the Dirichlet space, we refer to [8] .
The result on interpolating sequences for D α is proved by different means in [5] and [10] . We would like to point out that previous proofs for the Dirichlet space and the spaces D α have been very different, whereas with the method here we obtain a unified treatment. Theorem 1.1 is related to [2, Question 9.57], which asks if for a Hilbert space with a complete Nevanlinna-Pick kernel, a sequence being separated and having bounded Gram matrix must be an interpolating sequence. Theorem 1.1 gives an affirmative answer to this under the hypothesis on the Gram matrix. In this connection we point out that this extra hypothesis does not hold for the Hardy space H 2 .
